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Abstract 

This paper presents a reformulation of classical mechanics which is invariant 
under transformations between reference frames and which can be applied 
in any reference frame (rotating or non-rotating) (inertial or non-inertial) 
without the necessity of introducing fictitious forces. 

Introduction 

The reformulation of classical mechanics presented in this paper is obtained starting from a general 
equation of motion. This paper considers that any observer S uses a reference frame S and a dynamic 
reference frame S. The general equation of motion is a transformation equation between the reference 
frame S and the dynamic reference frame S. 

The dynamic position r a , the dynamic velocity v a , and the dynamic acceleration a fl of a particle A 
of mass m a relative to the dynamic reference frame S are given by: 

r a = .[.[ ($a/m a )dt dt 

v fl = / (F a /m a ) dt 

a fl = (F a /m a ) 
where F fl is the net force acting on particle A. 

The dynamic angular velocity a>s and the dynamic angular acceleration &s of the reference frame S 
fixed to a particle S relative to the dynamic reference frame S are given by: 

&s = ±\ (Fi/m s - F 0 /m s ) • (r, - r 0 )/(r! - r 0 ) 2 1 1/2 

a s = d(a>s)/dt 

where F 0 and Fj are the net forces acting on the reference frame S in the points 0 and 1, r 0 and I*! are 
the positions of the points 0 and 1 relative to the reference frame S, and m s is the mass of particle S 
(the point 0 is the origin of the reference frame S and the center of mass of particle S) (the point 0 
belongs to the axis of dynamic rotation, and the segment 01 is perpendicular to the axis of dynamic 
rotation) (the vector (b s is along the axis of dynamic rotation) 
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General Equation of Motion 



The general equation of motion for two particles A and B relative to an observer S is: 

m a m b [r a - r b ] - m a m b [r a -r b ] = 0 

where m a and m b are the masses of particles A and B, r« and r# are the positions of particles A and B, 
r a and r b are the dynamic positions of particles A and B. 

Differentiating the above equation with respect to time, we obtain: 

m a m b [(v a - y b ) + a> s x (r a - r b )] - m a m b [% -%]=0 
Differentiating again with respect to time, we obtain: 
m a m b [{a a -a b ) + 2& s x (v a - v fc ) + <o 5 x (a s x (r a -r b )) + a s x (r a -r 6 )] - m a m b [a. a - k b ] =0 

Reference Frames 

Applying the above equation to two particles A and S, we have: 

m a m s [(a a - a. v ) + 2 6b s x (v a - v. v ) + 6b s x (&$ x (r a - r s ) ) + a s x(r a - r s )] - m a m s [a„ - a. v ] = 0 

If we divide by m s and if the reference frame S fixed to particle S (r y = 0,v. s = 0 and a. s = 0) is 
rotating relative to the dynamic reference frame S (d>s ^ 0) then we obtain: 

m a [a<, + 2& s x \ a + & s x (& s x r a ) + a s x r fl ] - m a [a fl - a. v ] = 0 

If the reference frame S is non-rotating relative to the dynamic reference frame S (&s = 0) then 
we obtain: 

m a a a -m a [a a -a s ] =0 

If the reference frame S is inertial relative to the dynamic reference frame S (&s = 0 and a. v = 0) 
then we obtain: 

m a a a -m a a a = 0 

that is: 

w fl a fl -F a = 0 

or else: 

¥ a = m a a a 

where this equation is Newton's second law. 
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Equation of Motion 



From the general equation of motion it follows that the acceleration a a of a particle A of mass m a 
relative to a reference frame S fixed to a particle S of mass m s is given by: 

F F 

a a = — - 2& s x \ a - &s x (& s x r a ) - a s x r a - 

m a m s 

where F a is the net force acting on particle A, a>$ is the dynamic angular velocity of the reference 
frame S, \ a is the velocity of particle A, r a is the position of particle A, &s is the dynamic angular 
acceleration of the reference frame S, and F s is the net force acting on particle S. 

In contradiction with Newton's first and second laws, from the above equation it follows that 
particle A can have a non-zero acceleration even if there is no force acting on particle A, and also 
that particle A can have zero acceleration (state of rest or of uniform linear motion) even if there is 
an unbalanced force acting on particle A. 

Therefore, in order to apply Newton's first and second laws in a non-inertial reference frame it is 
necessary to introduce fictitious forces. 

However, this paper considers that Newton's first and second laws are false. Therefore, in this 
paper there is no need to introduce fictitious forces. 

System of Equations 

If we consider a system of N particles (of total mass M and center of mass CM) and a single 
particle J relative to a reference frame S (fixed to a particle S) then from the general equation of motion 
the following equations are obtained: 



[1] -/dfy 



[6] 



\dt 



[8] 



[dt[ 



[dt[ 



[4] 



x r,-. 



[2] ^JdVij 



[7] 



[9] 



idt{ 



idti /jdhj 



[5] <- x hi 



[3] 



The equations [1, 2, 3, 4 and 5] are vector equations, and the equations [6, 7, 8 and 9] are scalar 
equations. The principles of conservation are obtained from the equations [2, 4, 7 and 9] 



3 



Equation [1] 

Equation [2] 

Ll 1 m l [(y lj + & s xr lj )-(y lj )] = 0 
Equation [3] 

Zf=i m [(ay + 2& s x Vy + © s x (<o s x ry) + a s x ry) - (ay)] = 0 
Equation [4] 

EjLj OTj [(Vy + 6 S X ry) X ry - (Vy) X fy] = 0 

Equation [5] 

L?=i m [(ay + 2 ®s x Vy + <»s x (®s x r y ) + a s x ry) x r y - - (ay) x fy] = 0 
Equation [6] 

lf =i y 2 m I -[(ry) 2 -(fy-) 2 ]=0 
Equation [7] 

Lti 1 /2m 1 [(v^ + 6 5 xr, / ) 2 -(v l/ ) 2 ]=0 
Equation [8] 

I^Vj^^y-VyO-^y-Vy)] =0 

Equation [9] 

Efll 'A m [(Vy • Vy + 3y ■ Fy) - (fy ■ Vy + 3y ■ f y ) ] = 0 

The z'-th particle (of mass mi) relative to particle J, to particle S, and to the center of mass CM 

*ij M *j ry V{ Yj Y[ s Yj Y s Y[ s Y( Y s Y[ cm Y{ Y cm Yf cm Y{ Y cm 
Vy' V/ — \j Vy V; \j \{ s V; — \ s \{ s V; — \ s Vicm V; — V cm V/ Cm V/ V cm 
a y = 3; — 8/ a y = &i ~ <*j &is = a i — 3.? a ;'.s = a i — a .s a/cm = a ( — a cm a fcoi = a i — a cm 
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A Equation [2] 

Lti A m [(Vy + © s x rij) - (Vij)] = 0 
Now, replacing particle J by particle S and distributing (A mi) we have: 

Zf =1 [A mi (\ is + & s x r is ) - A m,- (%)] = 0 
If the reference frame S (v s = 0) is inertial (a>s = 0 and v s = constant) then: 

Y,f =i [A mi v t - A m,- v,-] = 0 
Since [A m,- v,- = f, 2 m,- a,- <if = f 2 F; dt ] we obtain: 

^[A/niVrfFiA] =0 

If the system of particles is isolated and if the internal forces obey Newton's third law in its weak 
form (^^, =0) then: 

Yli=\ m i v i = P = constant 

Therefore, if the system of particles is isolated and if the internal forces obey Newton's third law 
in its weak form then the total linear momentum P of the system of particles remains constant relative 
to an inertial reference frame. 

A Equation [4] 

l4=l A m i [(Vi/ + 1-y) X Yy - (Vy) X fy] = 0 

Now, replacing particle J by the center of mass CM and distributing (A m,) we have: 

Zf=i [A mi (\ icm + (b s x r icm ) x r icm - A nij (y icm ) x r icm ] = 0 
Since [A m, (v icm ) x r icm = A nij v icm x r icm = ^(m,- a icm x r icm ) dt = jf(mi a icm x r icm ) dt] we obtain: 

Y,f =1 [A rrii (y icm + & s x r icm ) x r icm - jf (m,- a icm x r icm ) dt] = 0 
Given that [£? =l ft{mjSi icm x r icm )dt = ^f =l fifoi, x r icm )dt = l? =x Jf(F, x r icm )dt] we get: 

Y,?=i [A mi (v icm + & s x r icm ) x r icm - /^(F,- x r icm )dt] = 0 

If the system of particles is isolated and if the internal forces obey Newton's third law in its strong 
form (I^ 1 F ! xr icm = 0) then: 

Lf=i m i (yicm + #>s x *icm) x ^icm = L = constant 

Therefore, if the system of particles is isolated and if the internal forces obey Newton's third law 
in its strong form then the total angular momentum L of the system of particles remains constant. 
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A Equation [7] 

E£i A 1/2 m [(vy + fl S x r y ) 2 - (v,,) 2 ] = 0 
Now, replacing particle J by the center of mass CM and distributing (A 1 / 2 m,) we have: 

E^i [A V2 »«i (v icm + (B S x r,- cm ) 2 - A 1/2 Mi (vi C ,„) 2 ] = 0 
Since [A l / 2 m ( - (v !Cm ) 2 = A i/ 2 m v icm ■ v icm = m, a icm • icm = / 2 m, a (cm • dr icm ] [Eq. A] we obtain: 

EjLi [A V2 "t,- (vi cm + 6 S x r,- t . m ) 2 - /j 2 OT ( -a ( cm • c/r,- cm ] = 0 
Given that J, 2 m,- a icm • c/r !Cm = £^1 /f »»j a,- • dr icm = ^f =1 fiF r dr icm ] [Eq. B] we get: 

Iti [ A V2 »K (vicm + ©s x r icm ) 2 - J 2 F, • dv icm ] = 0 

Therefore, we can consider that the total work W done by the forces acting on the system of 
particles, the total kinetic energy K of the system of particles and the total potential energy U of the 
system of particles are as follows: 

W = Zl l tfF r dr icm 

AK = I4L1 A V2 m (y icm + co s x r icm ) 2 

AU = l l l l -f?F r dr icm 

If the system of particles is isolated and if the internal forces obey Newton's third law in its weak 
form (£^,- = 0) then: 

W = £f =1 / 1 2 F r Jr i 

A^lL-ffF,-.^- 

The total work W done by the forces acting on the system of particles is equal to the change in the 
total kinetic energy K of the system of particles. 

W =AK 

The total work W done by the conservative forces acting on the system of particles is equal and 
opposite in sign to the change in the total potential energy U of the system of particles. 

W = -AU 

Therefore, if the system of particles is exclusively subject to conservative forces then the total 
mechanical energy E of the system of particles remains constant. 

E =K + U = constant 
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A Equation [9] 

E<Ll A 'A Ml [(Vy • Vy + 3y • ry) - (Vy ■ Vy + 3y ■ fy)] = 0 

Now, replacing particle J by the center of mass CM and distributing (A l / 2 mi) we have: 
Lf=i [A y 2 (Vicm • Vi„« + a; cm ■ r icm ) - (A i/ 2 m \ icm ■ \ icm + A i/ 2 a icm • f ( - cm )] = 0 

Since [Eq. A] and [A i/ 2 «i hem ■ hem = A l / 2 m a ian ■ r icm ] we obtain: 

Y!i=\ [A y 2 nij (vi cm • v icm + a icm • r/ cm ) - (J, 2 wij a,- tm • <ir Icm + A i/ 2 a icm • r icm )] = 0 

Given that [Eq. B] and [Zf=i A l h m i hem ■ r icm =Lf=i A l h m a, • r icm = £4=1^ l /i F/ ■ ricm] we get: 

Ejtj [A i/ 2 »ti (v icm • v !cm + a icm • r icm ) - (/j 2 F,- • dr /cm + A l / 2 F/ ■ r iC m)] = 0 

Therefore, we can consider that the total work W' done by the forces acting on the system of 
particles, the total kinetic energy K' of the system of particles and the total potential energy U' of the 
system of particles are as follows: 

W = E£i (/* F; • rfr, tm + A i/ 2 F, • r icm ) 

AK' = £f =1 A y 2 nij (Vfcm • v (cm + a (cm • r fcm ) 

At/' = Lf=i - {fi F, • dr icm + Ay 2 F, • r Jcm ) 

If the system of particles is isolated and if the internal forces obey Newton's third law in its weak 
form (Lti F ; = °) then: 

W^lLafFr^ + A^Frr,) 

W = Y3 =l -{fiTti-dT i + 6t/ 2 -Ern) 

The total work W' done by the forces acting on the system of particles is equal to the change in the 
total kinetic energy K' of the system of particles. 

W'=AK' 

The total work W' done by the conservative forces acting on the system of particles is equal and 
opposite in sign to the change in the total potential energy U' of the system of particles. 

W' = -AU' 

Therefore, if the system of particles is exclusively subject to conservative forces then the total 
mechanical energy E' of the system of particles remains constant. 

E' = K' + U' = constant 
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General Observations 



The magnitudes f , v, a, & and a are invariant under transformations between reference frames. 

In any reference frame r,; ; = f y ■. Therefore, r y - is invariant under transformations between reference 
frames. 

In any non-rotating reference frame Vy = Vy and ay = a, 7 . Therefore, Vy and ay are invariant under 
transformations between non-rotating reference frames. 

In any inertial reference frame a, = a,. Therefore, a, is invariant under transformations between 
inertial reference frames. Any inertial reference frame is a non-rotating reference frame. 

In the universal reference frame r, = f,, v, = v,- and a, = a,. Therefore, the universal reference 
frame is an inertial reference frame. 

The total angular momentum L of a system of particles is invariant under transformations between 
reference frames. 

The total kinetic energy K and the total potential energy U of a system of particles are invariant 
under transformations between reference frames. Therefore, the total mechanical energy £ of a system 
of particles is invariant under transformations between reference frames. 

The total kinetic energy K' and the total potential energy U' of a system of particles are invariant 
under transformations between reference frames. Therefore, the total mechanical energy E' of a system 
of particles is invariant under transformations between reference frames. 

The total mechanical energy £ of a system of particles is equal to the total mechanical energy E' 
of the system of particles (E = E') 
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Appendix 

Definitions and Relations 

r, = r, 

v; = dVijdt Vy = dXijjdt 

Hi = dvi/dt Hij = dvjj/dt 

v; = / a,- dt Vy = f ay dt 

A V; = J? &idt A Vy = /j 2 ay dt 

X k v i • V < = / a i ■ dr i V2 • Vy = / ay • (fry 

A y 2 Vj • V; = / 2 a,- • <ir ; A l/ 2 Vy • Vy = / 2 ay • <iry 

V; x r, = /(a,- x r f ) dt Vy X ry = /(ay X ry) d/f 

Av ; x r, = / 2 (a ( - x r,-) dt Av, :/ x ry = / 2 (ay x ry) dt 

Invariant Equations 



VyVy + ay-ry = VyVy + ayry 



Vy + CO s X Ty = Vy + (OjX Ty 



ay + 2 d) s x vy + & s x ( cb s x r y ) + a s X ry = ay + 2 X Vy + (&$ X ( X ry ) + &g 
Alternative Equations 

L = LjLj m,- (v ; + (% x r,-) x r ( - — M (v em + 6 S x r cm ) x r cm 



L = Lti EL WiW/M- 1 ^ + ffl s x r, ;/ ) x r 



2 



^ = l£i V2 "»j (v,- + ffl s x r,-) 2 - V 2 M (v cm + & s x r cm ) 

* = E* 1 Ey>« V2 '«."'/ M (vy + c& 5 x ry) 2 

AT' = Zf=i V2 OT i (▼/ ' v/ + a,- ■ r,-) - y 2 M (v cm • v cm + a cm • r cm ) 

* = l%=il!j > i l kmm ] M- 1 (vy • vy + ay • ry ) 
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